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Within the two-center shell model parameterization we have defined the optimal shape which
fissioning nuclei attain just before the scission and calculated the total deformation energy (liquid
drop part plus the shell correction) as function of the mass asymmetry and elongation at the scission
point. The three minima corresponding to mass symmetric and two mass asymmetric peaks in the
mass distribution of fission fragments are found in the deformation energy at the scission point.
The calculated deformation energy is used in quasi-static approximation for the estimation of the
total kinetic and excitation energy of fission fragments and the total number of emitted prompt
neutrons. The calculated results reproduce rather well the experimental data on the position of
the peaks in the mass distribution of fission fragments, the total kinetic and excitation energy of
fission fragments. The calculated value of neutron multiplicity is somewhat larger than experimental
results.
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I. INTRODUCTION
In the theory of nuclear fission the quasistatic quan-
tities like the potential energy surface, the ground state
energy and deformation, the fission barrier height, etc.,
are often calculated within the macroscopic-microscopic
method [1, 2]. In this method the total energy of the
fissioning nucleus consists of the two parts, macroscopic
and microscopic. Both parts are calculated at fixed shape
of nuclear surface. In the past a lot of shape parameter-
izations were proposed and used. A good choice of the
shape parameterization is often the key to the success of
the theory. Usually, one relies on physical intuition for
the choice of the shape parameterization.
A method to define the shape of nuclear surface which
does not rely on any shape parameterization was pro-
posed by V. Strutinsky in [3, 4]. In this approach the
shape of an axial, left-right symmetric nucleus was de-
fined by looking for the minimum of the liquid-drop en-
ergy under the additional restrictions that fix the volume
and elongation of the drop.
Recently the method was further developed [5, 6] by
incorporating of the axial [7, 8] and left-right asymmetry
and the neck degree of freedom of the nuclear shape [9,
10].
The important result of the Strutinsky procedure [3]
is the possibility to definite in a formal way the scission
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point as the maximal elongation at which the nucleus
splits into two fragments.
Having at one’s disposal the shape and the deformation
energy at the scission point in present work we have tried
to evaluate the measurables of the fission experiments like
mass distribution, the total kinetic and excitation energy
of fission fragments, the multiplicity of prompt neutrons.
A similar investigation was carried out in a recent work
[11] where the experimental results for 235U+nth reaction
were described in terms of three fission modes.
The paper is organized as follows. Section II contains
a short overview of Strutinsky prescription [3] for the
optimal shapes. The shapes that correspond to the min-
imum of liquid-drop energy within the two-center shell
model shape parameterization are presented in Section
III. The account of the shell correction and their influ-
ence on the total excitation energy of fission fragments
are discussed in Section IV. The comparison of the calcu-
lated and experimental results for the total kinetic energy
of fission fragments and multiplicity of prompt neutrons
for the fission of 232Th,235U,239 Pu and 245Cm by ther-
mal neutrons is given in Section V. Sect. VI contains
short summary.
II. OPTIMAL SHAPES
In [3] the shape of a left-right and axial symmetric
nucleus was described by some profile function ρ(z). The
shape of the surface was obtained then by rotating the
ρ(z) curve around the z-axis. A formal definition of ρ(z)
was obtained by searching for the minimum of the liquid-
drop energy, ELD = Esurf + ECoul, under the constraint
2that the volume V and the elongation R12 are fixed,
δ
δρ
[
ELD − λ1V − λ2R12
]
= 0, (1)
with
V = π
z2∫
z1
ρ2(z)dz , R12 =
2π
V
z2∫
z1
ρ2(z)|z|dz . (2)
In (1) λ1 and λ2 are the corresponding Lagrange multi-
pliers. The elongation parameter R12 was chosen in [3]
as the distance between the centers of mass of the left
and right parts of the nucleus, see (2).
Since both Coulomb and surface energy are function-
als of ρ(z) the variation in (1) results in an integro-
differential equation for ρ(z)
ρρ′′= 1+(ρ′)2−ρ[λ1+λ2|z|−10xLDΦS ]
[
1 + (ρ′)2
] 3
2 . (3)
Here ΦS ≡ Φ(z, ρ(z)) is the Coulomb potential at the
nuclear surface and xLD is the fissility parameter of the
liquid drop [12],
xLD ≡ E
(0)
Coul
2E
(0)
surf
=
3
10
Z2e2
4πR30σ
≈ Z
2
49A
, (4)
where σ is the surface tension coefficient, see Eq. (6).
In (4) and everywhere below the index (0) refers to the
spherical shape.
By solving Eq. (3) for given xLD and λ2 (λ1 is fixed
by the volume conservation condition) one obtains the
profile function ρ(z) which we refer to as the optimal
shape. Varying parameter λ2 one obtains a full variety
of shapes ranging from a very oblate shape (disk, even
with central depression) up to two touching spheres. Few
examples of optimal shapes are shown in Fig. 1.
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FIG. 1: Solutions of Eq. (3) for a few values of Lagrange
multiplier λ2.
The liquid drop deformation energy ELDdef = ELD−E(0)LD
Edef ≡ ELDdef /E(0)surf = Bsurf − 1 + 2xLD(BCoul − 1) , (5)
(in units of the surface energy for a spherical shape)
E
(0)
surf = 4πσR
2
0, E
(0)
Coul = 3Z
2e2/5R0 . (6)
calculated with optimal shapes is shown in Fig. 2 as func-
tion of the elongation parameter R12. Note, that the
spherical shape corresponds to R12 = 0.75. In (5)
BCoul ≡ ECoul/E(0)Coul and Bsurf ≡ Esurf/E(0)surf , (7)
where R0 is the radius of the spherical nucleus.
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FIG. 2: Liquid-drop deformation energy (5) as function of
parameter R12 for a few values of the fissility parameter xLD.
One can see from Fig. 2 that the elongation R12 of the
shapes shown in these figures is limited by some maxi-
mal value R
(crit)
12 . With a good accuracy the maximal de-
formation is independent of the fissility parameter xLD,
2.32 ≤ Rmax12 /R0 ≤ 2.35 for 0.4 ≤ xLD ≤ 0.9. Above
this deformation mono-nuclear shapes do not exist. This
maximal deformation was interpreted in [3] as the scis-
sion point.
The different branches of the energy shown in Fig. 2
correspond to the different values of fissility parameter
xLD. Along each lower branch the shape of the drop
changes from sphere to spheroid, then to the shape with
the neck which is getting smaller until the maximal elon-
gation Rmax12 , see Fig. 1. The shapes at the maximal elon-
gation are shown in the right part of Fig. 2. It turns out
that at each fixed R12 the shape itself does not depend
much on the fissility parameter.
Another peculiarity of Fig. 2 is the upper branches
of the deformation energy at large deformation. Along
these branches the neck of the drop becomes smaller and
smaller until the shape turns into two touching spheres.
It turns out, however, that the upper branch of the
deformation energy corresponds not to the minimum of
ELD but to its maximum (Eq.(1) holds true both at the
minimum and maximum of the liquid-drop energy). This
can be easily verified by adding to the optimal profile
3function ρ(z) some small perturbation δρ(z) and cal-
culating the deformation energy with perturbed profile
function ρ(z) + δρ(z). Thus, the upper branch of Edef
corresponds to the ridge of the potential energy surface
in the coordinates elongation and neck thickness.
III. THE OPTIMAL SHAPES WITHIN
TWO-CENTER SHELL MODEL
PARAMETERIZATION
The two-center shell model parameterization (TC-
SMP) [13] is at present the only parameterizations which
describes both compact shapes and separated fragments.
It is successfully used by few groups in the description of
fission-fusion process based on the Langevin equations for
the shape parameters, see [14–17] and references therein.
The two-center shell model potential includes the cen-
tral part V (ρ, z), ls and l2 terms. The central part con-
sists of two oscillator potentials smoothly joined by the
fourth order polynomial, see Fig. 3. The sharp surface
ρ(z) is defined as that given by the equipotential surfaces
of potential V (ρ, z), i.e. by the equation V (ρ(z), z) = V0.
The constant V0 is found from the requirement that the
volume inside sharp surface is equal to the volume of
spherical nucleus.
Within TCSMP the shape is characterized by 5 defor-
mation parameters: the distance z0 between the centers
of left and right oscillator potentials, the mass asymmetry
parameter α ≡ (AH −AL)/(AH +AL), the deformations
δ1 and δ2 of the left and right oscillator potentials and
the neck parameter ǫ. Here AH and AL are the masses of
heavy and light fragments (in case of the shape separated
into two fragments) or the masses of the right and left
parts of the compact nucleus. Within TCSMP the shape
is divided in parts by the point z = 0. Please, note, that
δ1 and δ2 fix the deformation of potential only in ”outer”
region, namely for z ≤ z1 or z2 ≤ z. The deformation of
whole fragments depends not only on δ1 and δ2 but on
all other parameters, z0, ǫ and α.
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FIG. 3: The mean field potential of the two-center shell
model.
By solving the Langevin equations the number of pa-
rameters is often reduced to 3 in order to diminish the
computation time. The parameters δ1 and δ2 are as-
sumed to be the same δ1 = δ2, and the neck parame-
ter ǫ is kept constant. Here we would like to note, that
constant ǫ does not mean constant neck radius. Within
TCSMP the neck radius depends on all 5 deformation
parameters. Even by variation of only one deformation
parameter z0 one gets quite reasonably class of shapes of
fissioning nucleus.
Having at one’s disposal the optimal shapes is of a cer-
tain interest to check how good is the two-center shell
model parameterization. For this purpose we compare in
Fig. 4 the liquid-drop deformation energy calculated with
the optimal shapes (3) and the two-center shell model pa-
rameterization for the symmetric splitting (α = 0) and
mass asymmetry α = 0.2 that corresponds to the posi-
tion of the main peak in the mass distribution of fission
fragments of considered in this work nuclei . The defor-
mation energy is plotted as a function of R12 (2). In case
of two-center shell model parameterization the deforma-
tion energy was minimized with respect to z0, ǫ, δ1 and
δ2 keeping constant the distance R12 between the centers
of mass of left and right part of nucleus.
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FIG. 4: The liquid-drop energy (2) calculated with the opti-
mal shapes (3) (solid line) and with the two-center shell model
parameterization (dash line) minimized with respect to z0, ǫ
and the fragments deformation δ1, δ2 for the mass asymmetry
α = 0 and α = 0.2 as function of the of the distance R12 (2)
between centers of mass of left and right parts of the drop for
the fissility parameter xLD = 0.75. The dot line shows the
result of minimization within TCSM parameterization with
δ1 = δ2 restriction
As one can see from Fig. 4, the TCSMP is rather accu-
rate. In case of symmetric splitting (α = 0) the difference
between the deformation energy calculated with optimal
shape and TCSMP does not exceed 0.4 MeV. The op-
timal value of parameter ǫ varies somewhat with z0 and
at large deformations is close to ǫ ≈ 0.25. For the mass
asymmetry α = 0.2 the difference between the deforma-
tion energy calculated with optimal shape and TCSMP
4is somewhat larger. In the barrier region it is of the order
of 0.8 MeV.
At present and in the past a lot of calculations were
done with the restricted set of TCSM shapes, namely
putting δ1 = δ2. In order to check how good is this
approximation we have carried out the minimization of
the liquid-drop energy within TCSMP with δ1 = δ2 re-
striction (dot line in Fig. 4). In this case the difference
between the deformation energy calculated with optimal
shape and TCSMP is of the order of 1.6 MeV at the
barrier.
At the scission point the difference between the defor-
mation energy calculated with optimal shape and TC-
SMP is very small, it does not exceed few hundred keV
even in δ1 = δ2 case. Since in present work we examine
the deformation energy at the scission point configura-
tion the use of TCSMP seems quite justified.
Since the TSCMP describes both compact and sepa-
rated shapes, it is interesting to check what will be the
optimal shape within TSCMP beyond R
(crit)
12 . For this
purpose we carry out the minimization of the liquid drop
energy within TCSMP with respect to z0, ǫ and δ1 keep-
ing R12 fixed for R12 > R
(crit)
12 . The result is shown in
Fig 5. Instead of continuous decreasing of the neck to
zero, the shapes suddenly splits into two fragments at
relatively thick neck, Rneck ≈ 0.3R0.
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FIG. 5: The change of the shape of the drop around the
scission point.
The shape of the fragments ”immediately after scis-
sion” is very close to the spheres. This is confirmed by
the comparison in Fig. 6 of the Coulomb and surface en-
ergy of left and right parts of the drop with these of the
two separated spheres. Notice, that at the scission point
the Coulomb energy changes continuously, only the sur-
face energy changes abruptly to the smaller value.
The ”jump” of the surface energy to smaller value at
the scission point causes the corresponding jump in the
liquid-drop energy, see. Fig. 7.
The deformation energy shown in Fig. 7, differs from
the published so far results by the presence of jump at
critical elongation. This jump is a consequence of using a
special (though very clear) quantity for measure of elon-
gation of nucleus - the distance R12 between centers of
mass of left and right parts and requirement that other
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FIG. 6: The relative Coulomb and surface energies (7) as
function of the distance R12 (2) between centers of mass of
left and right parts of the system calculated for the shapes
shown in Fig. 5 (solid) and for the two separated spheres
(dash).
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FIG. 7: The dependence of the liquid-drop energy (5) on the
distance R12 between centers of mass of left and right parts
of nucleus.
deformation parameters are found from the minimization
of liquid-drop energy at given R12. These other parame-
ters (the distance z0, the neck parameter ǫ and the defor-
mation of fragments) change abruptly at R12 = R
(crit)
12 to
ensure that the energy is minimal on both side of R
(crit)
12 .
Without minimization one usually consider the continu-
ous change of the deformation parameters on the whole
potential energy surface.
The possibility to define the critical deformationR
(crit)
12
in a formal way has at least two important consequences:
it clearly indicates at which deformation the dynamical
calculations should be stopped, and it makes to calculate
the primary excitation energy of the fission fragments
during the scission. The difference of the deformation
energy ”just before scission” (jbs) and ”immediately af-
ter scission” (ias)
∆ELDdef = E
(jbs)
LD − E(ias)LD (8)
can characterize the excitation energy available for emis-
5sion of prompt neutrons and γ-quanta by the fission
fragments. Here by ”just before scission” and ”imme-
diately after scission” we call the configuration with R12
infinitely smaller or larger than R
(crit)
12 .
IV. THE ACCOUNT OF SHELL EFFECTS
For accurate calculation of the excitation energy re-
leased in result of neck rupture the account of shell ef-
fects is very important. Besides, one should consider the
possible mass asymmetry α of the fission fragments.
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FIG. 8: (Color online) The liquid-drop deformation energy
of 236U as function of the elongation R12 (2) and the mass
number AH of heavy fragment.
In Figs. 8-9 we show the liquid-drop and the total
(liquid-prop plus the shell correction including the shell
correction to the pairing energy)
Edef = E
LD
def + δE, with δE =
∑
n,p
(δE
(n,p)
shell + δE
(n,p)
pair )
(9)
deformation energy for nucleus 236U. The summation in
(9) is carried out over the protons (p) and neutrons(n).
The δEshell was defined in a usual way as the difference
between the sum of single particle energies of occupied
states Eipm and the averaged quantity,
Eipm =
∑
occ.
ǫk, δEshell = Eipm −
∫ µ˜
−∞
e g˜(e) de. (10)
Here g˜(e) is the averaged density of single-particle states,
g˜(e) =
1
γ
∫ ∞
−∞
f
(
e− e′
γ
)
gs(e
′)de′ =
1
γ
∑
k
f
(
e − ǫk
γ
)
,
(11)
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FIG. 9: (Color online) The total (liquid-drop plus shell correc-
tion) deformation energy of 236U as function of the elongation
R12 (2) and the mass number AH of heavy fragment.
with gs(e) being the density of single-particle states,
gs(e) =
∑
k
δ(e − ǫk). (12)
The chemical potential µ˜ is defined by the particle num-
ber conservation condition∫ µ˜
−∞
g˜(e) de = N, (13)
where N is the particle number (neutrons or protons).
The f(x) is Strutinsky smoothing function [2],
f(x) =
e−x
2
√
π
M∑
n=0,2,...
αnHn(x), α0 = 1, αn+2 =
−αn
2(n+ 2)
.
(14)
In (14) Hn(x) are the Hermite polynomials. The smooth-
ing width γ and the degree M of correcting polynomial
are the parameters of the averaging procedure. They
were fixed by the so called ”plateau condition”.
The shell correction to the pairing energy was defined
as the difference between the pairing energy Epair in BCS
approximation, Epair = EBCS − Eipm,
Epair =
k2∑
k=k1
(2v2k − nk)(ǫk − λ)−
∆2
G
, (15)
and the averaged part E˜pair ,
δEpair = Epair − E˜pair . (16)
The λ and ∆ in (15) are fixed by the particle number
conservation and the gap equation.
6We define E˜pair following [2], i.e. by replacing the sum
in (15) by the integral and assuming that the density of
state is constant over the pairing window
E˜pair = g˜(λ)
∫ λ+~Ω
λ−~Ω
(e− λ)
1− e− λ√
(e − λ)2 + ∆˜2
 de
− ∆˜
2
G
− 2g˜(λ)
∫ 0
λ−~Ω
(e− λ)d(e − λ) (17)
= g˜(λ)(~Ω)2[1−
√
1 + ∆˜2/(~Ω)2] ≈ −1
2
g˜(λ)∆˜2.
The pairing strength G was removed from (17) by solving
the gap equation in the same approximation,
1
G
= −g˜(λ)ln[
√
1 + (~Ω)2/∆˜2 − ~Ω/∆˜)]. (18)
For the average pairing gap ∆˜ we used the approximation
suggested in [18]
∆˜ =
{
r e−tI
2+sI/Z1/3, for protons,
r e−tI
2−sI/N1/3, for neutrons,
(19)
with r = 5.72MeV, s = 0.118, t = 8.12, I ≡ (N − Z)/A.
The parameter z0 of TCSMP can be expressed as
a function of R12, α, δ1, δ2, ǫ. The parameters, ǫ, δ1, δ2,
were found by the minimization of the liquid-drop en-
ergy at fixed R12 and α.
For the calculation of the shell correction the opti-
mal TCSMP shape was expanded in series in deformed
Cassini ovaloids (up to 20 deformation parameters were
included). For the shape given in terms of Cassini oval-
oids the shell model code [19] with deformed Woods-
Saxon potential was used to calculate the single-particle
energies and the shell correction δE.
Please, note that the shape in the above calculations
was defined by the minimization of the liquid-drop energy.
The shell correction was added afterwards to the optimal
liquid-drop energy. Thus, the available class of shapes
was defined by the liquid-drop properties of system. The
influence of shell structure on the available class of shapes
was ignored. For example, the configuration with one
fragment being almost spherical and another very elon-
gated due to the shell effects is not possible to obtain
by the minimization of liquid-drop energy. Such config-
uration leads to a second mass-asymmetric minimum in
the potential energy surface of actinide nuclei and has a
considerable influence on the mass distribution of fission
fragments.
In principle, one could minimize the total (liquid-drop
plus shell correction) energy within TCSM parameteriza-
tion keeping fixed R12 and α. However, such procedure
is very time consuming. That is why, below we follow
more closely the optimal shapes procedure [10] and in-
troduce an additional freedom for the shape of fissioning
nucleus by minimization of the liquid-drop energy with
additional constraints
E = ELD −λ1V − λ2R˜12 − λ3δ˜−λ5Q2L −λ6Q2R. (20)
Here Q2L and Q2R are the quadrupole moments of the
left and right parts of nucleus. The R˜12 and δ˜ are the
smoothed constraining operators for the elongation and
mass asymmetry [10].
The energy (20) was minimized numerically with re-
spect to parameters δ1, δ2 and ǫ keeping fixed the elonga-
tion R12, mass asymmetry α (or mass of heavy fragment
AH) and the Lagrange multipliers λ5, λ6. Thus, the max-
imal elongation R12 = R
(crit)
12 , the shape and the energy
at R
(crit)
12 become dependent on λ5 and λ6.
In Fig. 10 we show the maximal elongation R
(crit)
12
and the total deformation energy at R12 = R
(crit)
12 for
AH = 140 as function of λ5 and λ6.
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FIG. 10: (Color online) The total deformation energy at the
maximal elongation R12 = R
(crit)
12 for the asymmetry corre-
sponding to heavy fragment mass AH = 140 calculated with
the solutions of Eq.(20) as function of Lagrange multipliers
λ5 and λ6, see Eq.(20). The yellow contour lines show the
value of R
(crit)
12 .
First of all, one can see that due to the shell effects the
scission point configuration with the lowest total energy
corresponds not to λ5 = λ6 = 0 but to some finite values
of λ5 and λ6.
In order to show the dependence of the total energy
(and the shell correction δE) on the maximal elongation
R
(crit)
12 , the lowest energy at fixed R
(crit)
12 (the point with
the lowest energy along yellow contour line in Fig. 10)
from the total energy surface shown in Fig. 10 was picked
up. After such minimization we get the total energy and
the shell correction δE as function of one variable R
(crit)
12 .
This procedure was carried out for each value of the mass
asymmetry. In this way, the optimal scission point in
{λ5, λ6} space was found by the minimization of the total
energy ELD + δE on the class of shapes given by the
solution of Eq. (20).
The additional constraints λ5Q2L and λ6Q2R were in-
troduced in order to find the scission shape that corre-
sponds to the smallest total (liquid-drop plus shell cor-
rection) energy. Thus, the configuration space in λ5, λ6
should be large enough to include the point of minimal
7total energy. For each value of mass asymmetry we have
checked if the point of minimal total energy is inside of
chosen λ5, λ6 - space. If such point turned out to be at
the edge of λ5, λ6 - space, the limiting values of λ5 or λ6
were increased. Once the point of minimal total energy
is inside of chosen λ5, λ6 - space, the results of calcula-
tion are not sensitive to the size of λ5, λ6 - space since
the contributions of the points away from minimum are
suppressed by the exponential factor in (22).
The shell correction and the total deformation energy
of 236U are shown in Figs. 11, 12 as function of the heavy
fragment mass number AH and the elongation R
(crit)
12
at critical deformation. The three minima, two at mass
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FIG. 11: (Color online) The shell component of the scis-
sion point deformation energy of 236U as function of the
heavy fragment mass number AH and the maximal elonga-
tion R
(crit)
12 . The mean value (21) of R
(crit)
12 is shown by thick
line.
asymmetric deformation AH ≈ 141 and AH ≈ 134 and
one at symmetric deformation are clearly seen in the de-
formation energy shown in Figs. 11, 12. The minimum
at AH ≈ 141 is responsible for the main peak in the
mass distribution of the fission fragments in the reaction
235U+ nth. The second mass asymmetric minimum con-
tributes to the satellite in the mass distribution. This
minimum gives the main contribution to the maximum
of the total kinetic energy (TKE) of fission fragments at
AH ≈ 130. The reason is clear looking at mean value
〈R(crit)12 (α)〉 =
∑
i
R
(crit)
12 (α, qi)P (α, qi)/
∑
i
P (α, qi)
(21)
shown in Fig. 11 by heavy solid curve. The < R
(crit)
12 > is
the most probable distance between the centers of mass
of left and right parts of nucleus at critical deformation
(just before scission). The averaging in (21) is done with
the canonical distribution in the space of variables λ5, λ6,
see (22) below.
The Coulomb repulsion energy and, consequently, the
total kinetic energy of fission fragments is defined mainly
by the distance between the centers of mass of fragments.
At the asymmetries where < R
(crit)
12 > is maximal, the
TKE is minimal, and, on the contrary, TKE is maxi-
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FIG. 12: (Color online) Total energy (liquid drop plus shell
correction) for 236U at the scission point as function of the
heavy fragment mass number AH and the maximal elongation
R
(crit)
12 .
mal where < R
(crit)
12 > is minimal (at AH ≈ 130 in the
considered case).
V. NUMERICAL RESULTS
Keeping in mind that fission is a slow process, one
could assume that during the fission process the state of
the fissioning nucleus is close to statistical equilibrium,
i.e. each point qi on the deformation energy surface is
populated with a probability given by the canonical dis-
tribution,
P (αi, qi) = e
−
(
E(αi,qi)−Z
Tcoll
)
, Z ≡ −Tcoll log
∑
i
e
−
(
E(αi,qi)
Tcoll
)
.
(22)
Here Tcoll is a parameter characterizing the width of the
distribution (22) in the space of deformation parameters.
The energy E(αi, qi) in (22) is the sum of the liquid-drop
deformation energy (5) and of the shell correction δE,
shown in Fig. 10. Here, αi is the mass asymmetry of
fissioning system and qi are the rest of collective param-
eters (elongation R12, and Lagrange multipliers λ5 and
λ6).
The distribution (22) is a basic assumption of the
scission-point model suggested in [20] and developed fur-
ther in [21–23], see also [24]. The parameters of this
model were fitted in [20] to reproduce the numerous ex-
perimental data. The Tcoll was found to be close to
1 MeV. In the calculations shown below we use some-
what larger value Tcoll=1.5 MeV.
We are aware that, in principle, the distribution (22)
should depend not only on the deformation energy but
on the collective velocities too. The kinetic prescission
energy estimated in this work can reach 20 MeV in case
of 246Cm+ nth reaction. However, even in this case the
collective kinetic energy per particle (≈ 0.1 MeV) is much
smaller than the single-particle kinetic energies. So, the
approximation (22) seems quite reasonable.
8The normalized mass distribution of the fission frag-
ments Y (α) can be expressed then in terms of the defor-
mation energy at the critical deformation R
(crit)
12 ,
Y (α) =
∑
i
P (α,R
(crit)
12 , λ5i, λ6i) . (23)
The summation in (23) is carried out over the Lagrange
multipliers λ5, λ6 which correspond to the same R
(crit)
12 .
The rest of deformation parameters of TCSMP were fixed
by the minimization of the liquid-drop energy at R12 =
R
(crit)
12 .
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FIG. 13: The experimental [38] and calculated values of the
mass distribution of fission fragments in reaction 235U + nth.
The calculated mass distribution (22)-(23) of the fis-
sion fragments for the reaction 235U + nth is compared
with the experimental data [38] in Fig. 13. Please note,
that the information on the deformation energy at the
scission point does not suffice to calculate the width of
mass distribution. The width parameter Tcoll of the dis-
tribution (22) is a free parameter in present approach.
In Fig. 13, like in all other calculations in this work, we
used the value Tcoll = 1.5 MeV. The calculated mass dis-
tribution is rather close to the experimental results. The
presence and the position of two mass asymmetric peaks
are reproduced rather well. However, at the symmetric
splitting the calculated values are much larger as com-
pared with experiment. The reason for such discrepancy
is at present not clear.
The comparison of the calculated TKE for few fission
reaction with the available experimental results is shown
in Fig. 14. In these calculations we define TKE as the
sum of the Coulomb interaction of spherical fragments
immediately after scission and the prescission kinetic en-
ergy KEpre,
TKE =< E
(int)
Coul(α) > +KEpre. (24)
Here
< E
(int)
Coul(α) >≡
1
2
∑
i
ZLZHe
2
R
(crit)
12 (α, qi)
P (α, qi)/
∑
i
P (α, qi) ,
(25)
where eZL and eZH are the charges of light and heavy
fragments. The summation in (25) is carried out over
λ5i and λ6i. Like in [10] we define the KEpre from the
energy balance
Egs(AL +AH) +Bn = E
(jbs) +KEpre, (26)
i.e. we assume the ”complete acceleration”: the energy
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FIG. 14: The total kinetic energy (24) calculated with (solid)
and without (dash) account of fragments prescission kinetic
energy. The experiments results (solid circles) are taken from
[25–30]. The Q-values for fission of 232Th,235 U,239 Pu and
245Cm are shown by dotted lines.
difference between the saddle and scission turns into the
kinetic energy of relative motion of fragments, no dis-
sipation takes place. The opposite extreme case would
be the assumption of overdamped motion: all the energy
difference between the saddle and scission turns into the
heat, no prescission kinetic energy. The incident neutron
energy term has been dropped in Eq. (26) since it very
small, 0.025− 0.4 eV.
The comparison of the calculated and measured values
of TKE shown in Fig. 14 is in favor of ”complete accel-
eration”. Without contribution from KEpre the TKE
(dash curve in Fig. 14) would be too small. The neglect-
ing of dissipation for the fission by thermal neutrons can
be also justified by referring to the calculations of the fric-
tion coefficient within the linear response theory. It was
shown in [31] that at small excitations (when the pairing
correlations are still important) the friction coefficient is
negligibly small.
Note, that the calculated TKE is rather close to ex-
perimental data. The position of maximum of TKE and
the drop at symmetric splitting are also well reproduced.
This can be considered as a confirmation that the po-
tential energy just before scission and the mean value of
< R
(crit)
12 > are defined correctly.
The TKE is one of two parts of the total energy release
Q, TKE + TXE = Q. The Q-value is the difference of
9the ground state energies
Q ≡ Egs(AL +AH) +Bn − Egs(AL)− Egs(AH) (27)
To calculate the ground state energy Egs besides mass
numbers of fission fragments AL (or AH) one should
know also their charge numbers ZL (or ZH). In the cal-
culations shown in Fig. 14 we considered a Gaussian dis-
tribution P (Z) of charge numbers [32] characterized by
the most probable charge Zp and the width parameter c,
P (Z) =
1√
cπ
e−(Z−Zp)
2/c. (28)
The value of parameters Zp and c was taken from [33],
c = 2(σ2Z + 1/12), with σZ = 0.59 and, for heavy
fragment, Zp = Int(ZAH/A) with A and Z being the
mass and charge number of mother nucleus. Here Int(x)
stands for the integer part of x.
The Q-value does not depend on dynamics, it can be
calculated within the macroscopic-microscopic method
or taken from the existing databases. Since the exper-
imental value of TKE is rather well reproduced by the
present calculations, the calculated total excitation en-
ergy TXE = Q − TKE should be also quite accurate.
The average value of TXE
< TXE >=
∑
AH
[Q(AH)− TKE(AH)]Y (AH) (29)
is shown in Fig. 15. For the comparison the excitation
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FIG. 15: The total excitation energy (29) (solid) and the jump
of liquid-drop energy during the neck rupture (8)(dash).
energy due to the difference ∆ELDdef of the liquid-drop
energy (8) just before the scission and immediately after
the scission is plotted by dash line. The contribution of
∆ELDdef to the total excitation energy of fission fragments
varies from 85 % (for 233Th) to 60 % (for 246Cm). The
rest is the contribution from the shell effects.
The fragments are de-excited by the emission of neu-
trons and γ-rays. When the excitation energy is smaller
than neutron separation energy Sn the γ-quanta are
emitted. The energy available for γ-emission varies from
Sn to zero. So, on average the excitation energy available
for neutron emission is given by Ex−Sn/2. The average
value of the total number ν¯tot of prompt neutrons can be
estimated by the relation
ν¯tot ≈< TXE > /S¯n − 1/2, with S¯n = 5.7 MeV. (30)
In order to calculate the dependence of ν¯ on the frag-
ments mass number A one needs to know how the ex-
citation energy is shared between the fragments. Here
we split the last stage of the fission into two steps. On
first step the rapid neck rupture takes place. The nucleus
turns into two fragments with the same mass asymmetry
and the same distance between centers of mass as just
before scission. The shape of the fragments immediately
after scission is assumed to correspond to the minimum of
the liquid drop energy. It was shown in [9] that the opti-
mal shape of the fragments placed at the distance R
(crit)
12
is very close to two spheres. The contribution to energy
from quadrupole and higher order deformation is smaller
that 0.5 MeV and can be neglected. So, in present work
we assume that immediately after scission the two spher-
ical fragments are formed. The energy immediately after
scission consists of the energy of light and heavy spherical
fragments plus the energy of their Coulomb interaction,
E(ias)(A) = E(sph)(AL) + E
(sph)(AH) + E
(int)
Coul(R12, α).
(31)
The primary excitation energy E(ias)−E(jbs) is shared
between the fragments. In the recent work [11] the par-
tition of the excitation energy between the light and
the heavy fragments E∗ias(L(H)) was calculated both in
the thermalization immediately after scission hypothesis
(TL = TH) [34] and in the sudden approximation [35].
The effect of these two hypothesis on the mass split is
quite opposite. While the sudden approximation predicts
the lighter fragment to be more excited, the contrary is
in the case of thermalization. The difference of the exci-
tation energy of light and heavy fragment is not so large,
only few MeV. So, for simplicity we will assume here that
the excitation energy of light and heavy fragments due
to the neck rupture is the same. This excitation energy
for 236U is shown in Fig. 16b.
On the second stage of fission process the fragments
relax to the ground state shape and gain some extra de-
formation energy
∆Edef (A) = E
(sph)(A)− Egs(A) (32)
Extra deformation energy ∆Edef is shown in Fig. 16d
as function of fragments mass number. Eventually, the
total excitation energy of one fragment is given by the
sum
Ex(A) = [E
(jbs)(A)− E(ias)(A)]/2 + ∆Edef (A). (33)
see Fig. 16e.
In Fig. 17 we compare the excitation energy avail-
able for the prompt neutron emission, Ex − 0.5Sn with
the experimental value of neutron multiplicity [36, 37]
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FIG. 16: a) the deformation energy of 236U just before scis-
sion (solid) and immediately after scission (dash) as function
of fragments mass number A; b) the primary excitation en-
ergy Ejbsdef−E
ias
def ; c) the deformation energy at spherical shape
(dash) and at the ground state (solid); d) the extra deforma-
tion energy (8) of fission fragments; e) the excitation energy
(33) of fission fragment. All energies in this figure are given
in MeV.
multiplied by the half of two-neutron separation energy
S2n (in order to remove the rapid fluctuations due to the
odd-even effect in Sn). One can see that there is some
discrepancy up to 5 MeV at large mass asymmetries,
but on the average the saw-tooth structure is rather well
reproduced.
Having at one’s disposal the excitation energy Ex(A)
one can calculate the total excitation energy
< Ex >=
∑
A
Ex(A)Y (A). (34)
and the total number of prompt neutrons
ν¯tot =
∑
A
[Ex(A)/Sn(A)− 1/2]Y (A). (35)
The simple approximation to (35) is given by (30). In
(35) the multiplicity of emitted neutrons is calculated for
each value of AH and summed in AH with the weight
given by the calculated mass distribution of fission frag-
ments. In (30) the total neutron multiplicity is defined
as the ratio of the total excitation energy to the average
neutron separation energy.
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FIG. 17: The excitation energy (33) available for prompt neu-
tron emission (open circles) and the experimental results for
neutron multiplicity [36, 37] multiplied by half of two-neutron
separation energy.
The comparison of calculated ν¯tot with the available
experimental results is shown in Fig. 18. On average the
dependence of ν¯tot on the proton number of fissioning
nuclei is qualitatively reproduced. The calculated value
of ν¯tot are however larger than experimental by (0.5-0.9).
The source of this discrepancy can be related to the use of
very simple estimate (30) for the neutron multiplicity and
use of the quasistatic approximation (22) for the mass
distribution. In particular, too large value of Y (A) for
symmetric splitting, see Fig. 16e is not confirmed by the
experimental results.
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FIG. 18: The calculated value of total neutron multiplicity
(35) (open squares) and the experimental results [39] (solid
squares). The dash line shows the estimate (30).
VI. SUMMARY
The calculations carried out in present work show that
the optimal shape prescription offers a good possibility
to define the shape of fissioning nuclei just before the
scission. This information can be used for the evaluation
11
of the quantities which are measured in fission experi-
ments like the mass distribution, the total kinetic and
excitation energy of fission fragments, the multiplicity
of prompt neutrons. The calculated distributions of the
total kinetic energy for fission of 232Th,235 U,239 Pu and
245Cm were found to be in rather good agreement with
the experimental data.
The sawtooth structure of the neutron multiplicity is
well reproduced. The dependence of total multiplicity of
prompt neutrons on proton number of fissioning nucleus
is reproduced only qualitatively.
The reason for the discrepancy between calculated and
experimental results for average total prompt neutron
multiplicities may be too crude approximation of Eqs.
26, 31 for the relation between the excitation energy and
neutron multiplicity. There could be also other reasons,
like the use of assumption that each point on the de-
formation energy surface is populated with a probability
given by the canonical distribution (22).
For the mass distribution of fission fragments the po-
sition of the peaks is reproduced rather well. The width
and strength of peaks of calculated mass distribution dif-
fer substantially from the experimental data. For more
accurate description of mass distribution the dynamical
approach to the fission process seems necessary.
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